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Abstract—The problem of a linear viscoelastic body, containing a penny-shaped crack subjected
to the shear parallel to the edge of the crack is considered in this paper. Closed form expressions
for the displacements over the surface of the crack, the shear components in the plane of the
crack and the stress intensity factors are determined. The various expressions are then specialized
for two particular linear viscoelastic materials and the effect of viscoelasticity, wherever possible,
is pointed out.

1. INTRODUCTION

The classical method of solving viscoelastic stress analysis problems by the use of integral
transforms, generally referred to as the ““ correspondence principle ” in the literature, is no
longer applicable in solving mixed boundary-value problems where the boundaries vary
with time. Graham[1] has proposed a correspondence principle of linear viscoelasticity
theory for mixed boundary-value problems involving time dependent boundary regions
and has applied it[2] to solve the problems of penny-shaped crack subjected to a tension
normal to the plane of the crack. Graham’s principle is, however, applicable to a restricted
class of deformations since it requires a very special form of the stress and the displacement
distribution for the elastic solution. In view of the fact that in the case of the problem of a
penny-shaped crack under uniform shear the elastic solutions, as presented by Segedin[3]
and Westmann[4], do not possess the special features, Graham’s correspondence principle
cannot be applied in this case.

Ting[5] has developed a technique of solving the problems with moving boundaries and
has applied it to obtain the contact stresses between an axysymmetric rigid identer and a
viscoelastic half-space. Ting’s method is to replace the time dependent boundary condition
by an alternate boundary condition for which the integral transform technique is applicable.
The problem is then solved in terms of this unknown boundary condition and the deter-
mination of it reduces in finding the solutions of integral equations. Ting[6] used the method
to solve the problem of a viscoelastic hollow cylinder with ablating inner radius and the
present authors[7] have extended the technique to solve the problem of a penny-shaped
crack in a viscoelastic medium under torsion.

In the present paper we apply a method, similar in the spirit to that of Ting[5], to solve
the problem of a penny-shaped crack in a linear viscoelastic medium under uniform shear.
Expressions for the displacements over the surface of the crack, the stress components in
the plane of the crack and the stress intensity factors are given for the general linear visco-
elastic medium. The various expressions are then specialized for a Maxwell material and a
standard linear solid and the effect of viscoelasticity is also briefly pointed out.
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2. BASIC EQUATIONS

Suppose a region R with boundary B is occupied by a homogeneous and isotropic linear
viscoelastic solid. Let u;, e;;, 0;;, each of which is a function of the position vector x and
time ¢ where x is a point in R and 0 < < <, denote the components of displacement,
strain and stress respectively. Then the relevant field equations and the constitutive equations
appropriate to the linear quasistatic theory of viscoelasticity, in the absence of body forces,
are:

2e(X, 1) = u; {(X, 1) + u; (X, 1), 16))
Us;,j(xs 1) =0, O':j(xa t)= O'js(’% 1, 2
65X, 1) = Gy * de;(x, 1) + 16,,(G, — G)) » dey(x, 1). (3)

Here G,(#) and G,(¢) are the relaxation functions in shear and isotropic compressions respec-
tively. Also the Stieltjes convolution, g * dh, of two functions g(x, t) and A(x, ?), is defined by

lo+ dHIx, ) = g0x, Ohx, ) + [ gx, 10 3 (5, ) . @
We use the notation
g, p) =L{g(x, 0); t > p} = fo g(x, ) e™7" dt, &)

for the Laplace transform with respect to time of the function g(x, f). On taking the Laplace
transform of equations (1-3), we have

2e,(x, p) = 4, (X, p) + U; i(x, p), (6)
¢,/ (% p) =0, G;(X, p) = 6;{X, p), (N
G,(x, p) = pG,(p),;(x, p) + 30,;p{G(p) — Gi(P)}eu(X, D). (8)
From equation (8) we note that if we set
31 = p{G.(p) — G:(P)}, 2a = pG(p), ©

then the equations (6-9) have similar structure as to the equations governing the classical
linear theory of elasticity.

3. PENNY-SHAPED CRACK UNDER SHEAR

Consider an infinite linear viscoelastic medium containing a penny-shaped crack which is
subjected to a shearing stress o, ~ S(¢) as 1/ (x* + y* + z%) — 0. We choose cylindrical
polar coordinates (p, 8, z) such that the crack occupies the region 0 < p < a(?), z =0, for
all 0. It is clear that the solution of this problem is equivalent to finding the stress distribution
and the displacement components in a half space in which the shearing stress is acting on the
crack surfaces, all the displacement components exterior to the crack surface are zero, and
the entire crack surface is free from the normal tractions. In terms of the coordinate system
chosen, these boundary conditions can be expressed as:

6, =S(t)cos b

o 2 TSt ain 0}z=0, 0<p<al). (10)
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6., =0, z=0, Yp. an
u, =0
Uy = 0} =0, p>alt). (12)

Here u, and u, are the radial and the angular displacement components respectively and S(#)
is known quantity. We also assume that the radius of the crack a(t) is a monotonic increasing
function of time.

In order to solve equations (6-9) we assume the displacement components to be as:

b3,
20 (p, 6, 7, p) = $(p. 2, p) cOs 0 + 2 ai; (b, 2, p) cos , 13)
2jig(p, 8, z, p) = — P(p, z, p) sin 0 + (z/p) ¢2(p, z, p) sin 6, (14
é
28,(p, 0,2, 1) = $1(p, 2, ) <05 0 + 2 22 (p, 7, p) cos 6, 19

where the scalar functions ¢(p, z, p), ¢,(p, z, p), and ¢,(p, z, p) satisfy Laplace equation and
are connected by the relation

o¢ 5¢1 . ¢z
5t 5 TO- MG =0. (16)

Here ¥ = 2/2( + i) and 1 and j are defined by (9). Since o, and hence its Laplace transform
&, = Ofor all p, on z =0, it follows from (8), (11), (13-15) that this requirement is equiva-
lent to

v )9, ¢y O _
( - v) dp 0z az =0. an
From (16) and (17) we have
o¢ 6¢z
2(1 - .
2 +2( ) (18)
Equation (18), at once, suggests that we can choose
od
T — 1 —_y -_s
¢=-20-79)— (19)
o
¢ = o’
where ®(p, z, p) satisfies the equation:
P P 100 0°®
—+t-—+-—==0 (20)

dp pop 022

Also on employing (19) into (16) we get

oo
¢ =—(1-2%) PP 21



1128 P. N. Karoni and RaymoNp Smit

Thus the displacement components can now be written in terms of a single scalar function

O(p, z, p), as:
-

_ _ 0% o'
2uu,(p, 0,2, p) = —=2(1 — V) =—cos O + z = cos b,
oz op

oD
2jiiig(p, 0, z, p) = 2(1 — V) e sin 6 + %g% sin 6, (22)
0P P
2aup,0,z,p)= —(1 —2¥) —cos B + z Ll cos 6.
ap dzop

On taking the Hankel transform of order zero of equation (20) and solving the resulting

equation, we obtain N
D¢, z,p) =A%, (23)
where

8, 2, 1) = Hol®(p, z,0); p >} = | pB(p, 2, PNo(pd) dp, 24)

and where we have used the fact that displacements should vanish at infinity.
We now consider equation (12) and introduce a unknown function v,(p, 6, z, t), such that

_10 p > a(t) _
ue(P: 6, z, t) = {171(19, 9, 2, f), p < a(t) onz=0. (25)

Equation (25) can also be written as

_ _ /0 p > a(t) _
“(p: 0. 2.p) = {51(;7, 6,zp) p<at)y 7 0. (26)

A close look between (26) and (22), suggests that it is more appropriate to write
El(pa 83 Z, P) = 5(p5 Z, p) Sin 8' (27)

Hence on equating (26) with (22), with the use of (27) and taking the Hankel transform of
zero order we get

o® .
20-9 = E5p) =25Ezp),  2=0, 29)
where
- at)
65, 0.p) = [ 4504, 0. p)oE) dl. (29)
From (24) and (28) we finally have
 J (30)
(1-v¢
The stress component G4.{p, 0, z, p), on employing (22) in (6), (8) and (9), on z = 0, is given by
- _ ' 70 .
Uﬂz(p: 0, Z’p) = {(1 - V) ? - PYY sin 0. (31)
Also on taking the inverse Hankel transform of (30) we get
B = [ 8¢z p) e 5 InEp) e (32)
(1=
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On using (32) in (31) we have

ul,0,0.0) = | <[ £ 0, [ eite.0.pncep defsing. G

Iny
(1-v)p’
On taking the inverse Laplace transform of (33) and employing the condition that for

% a(t), 69, = — S(¢) sin 9, we obtain

a(t)
28(1) = j Gt -9~ j E2Jo(Ep) f A0(A, 0, T)To(ER) dA dE dr

Si(ep)
+ fg Yt — @5 L = L (i, 0, 0E) dhdr,  p<al), (34

where

v_

Py -9 (35

On writing equation (34) in the form
25(t) = Fi(p, 1) + Fy(p, 1), (36)

where F,(p, 1) and F,(p, t) represent the two right hand side expressions of (34) respectively
and setting

28(1) — Fi(p, 1) = 284(p, 1),

3
25{2) - F2(ps t} = 252(13* E}s { 7)

it follows that

t 3 o afty
25,(p, 1) = fo Gt=05 [ Enepf w0 00En e, p<ad. (9

t a =) a(r)
28,(p, 1) = fo Yt — 1) jo %gﬁ fo Mv(1,0,)o(E) dAdEdr,  p<a(®). (39)

We shall now solve the two equations separately.

On changing the variable p to m in (38) and multiplying both sides by [m/(p? — m*)!/?]
and integrating as follows, we get

2 2mS(m, z} mlo(Em) agz)

i A A G,(t - z} &d dm | AoJy(EA)dl  p<a(D).

P o= [0 [} e e[ T an [Tansien

(40)

On employing a result from Watson{8] and interchanging the order of integration we have
? mS;(m, t) *® Ju(A, 0, 'L“)

20m =«»J.G1(t r)—{apj Ny cu;dr. (1)

Now again if we change the variable p to # and multiply both sides of (41) by (n* — p?)'/?
and integrate as follows we get

mSi(m t)

X f:m S

-p dfff

- dm =2 fG;{f—r}—j za(m-:}dzdf (42
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Now since G{(0) #£ 0, it follows that there exists a function G7(¢), for which
G,(t)» dG (1) = G (1) » dG, (1) = H(¥). 43)

On using (43) in (42) and differentiating the resulting expression with respect to p, gives
a(t)

v'(p,0,8) =— JGll(t—t)arf \/;7__;

In order to solve (39) we again change p to m and multlply both sides by [m*/(p? — m*)!/?]
and integrate as follows

f mSl(m t)

d dr p<a(t). (449

a(t}

Jt miJ
2 f z S’*("’ ) j Wt — j £de j ‘(5’") _ dm f Jwdo(E2) dA de
p<a(r). (45)
On using a result from Watson[8] and interchanging the order of integration yields
a(z)

» “p maSz(m, t) J' Y(t — 1) ——j Av(4,0, 1) [SIH_I(PM)H(;‘ p)

0

n pH(A = p)
+ EH('O - - m] didz. (46)

On diﬁ'eremiating (46) with respect to p and using the fact that p < a(f), gives

\/—’:_

Again changing p to 5 and multiplying by [(112 — pY)'2[n] and integrating we have

a(t) 2 .52 n_.3 t a(t)
2f Ji_idnif mSym 1) ~—-f lﬁ(t—r)f (A, 0,7 dAdr,  p<a®).
0 n oo \/ n* — m?
(48)
Finally on differentiating (48) with respect to p gives
4t g 7@ m Sz(m, T)
v"{(p,0,1) =— iy — ———— dmd, ﬁa(!),
(p,0,0) RL!// ( )&J‘p ’?\/’72‘926'7'[ \/q — P
(49)

where we have used a similar relation to (43) for ¥(¢).
On combining (44) and (49) and further simplifying we get

o(p, 0, 1) = f (it =) + W = D) = [SORN/ @D — PPl dn p<a(t). (50)
On substituting (50) in (25) and (27), we have

wto.0,0,0 =32 o094+ a-0] ZIORSED - pler,  p<a
(5D
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In an analogous manner, we find that if, in place of (25) we write the conditions for u, and
carry out the similar analysis, we obtain

u(p,0,0,1) = — 4 G:S 8[ {Gl(t -7} + ﬁ (- t)] — {S(*r)R,. /@ (1) — p*} dr,
<a(t).  (52)

Equations (51) and (52) thus give the angular and the radial components of the displacement
in the linear theory of viscoelasticity. We note that these reduce to the expressions of the
classical elasticity theory[4], when the usual limits of passing from viscoelasticity to classical
elasticity are employed.

The relevant stress components in the plane of the crack can now be determined by
using (51) and (52). For determining o,, we first take the inverse Laplace transform of (33)
and obtain

t © ()
ou0.0,0.0= | =4[ Ge—0 L[ Eaten) [ maueh dads

f"" ffl(ép) “

-3 f Y(t — ) = de f AvJy(€2) dA dt]smO (53)

On substituting the value of v(p, 0, 7) from (50} in (53} and after considerable manipulations
and simplifications we get

0g,(p,0,0,1) = — z[ —at ) + arc sin (a(t)/p)] S(t) sin 6
N/vs
- -1
{ W K2 [G;(’r —m+Z v (t— fz}} dr
at
%{-{/%M dn}]sin e p>a(t)
= —S§()sin 6, p < at). (54)

For determining ¢,, we note from (8), (9) and (22) thatonz =0

_ 0D 32(1)
. 0,0.0) = | =1 =D T3 49 3 [eoso.

On using (32) in this equation and taking the inverse Laplace transform we get
1 t i;’l -1 a € 2
05u(p, 8,0, 1) = [— jﬂ [Gxt —+ (- «:}} = fa E2y(Ep) de

2
a(x)

x jo AvJo(EA) dA ‘“""Zlif ¢(t—z)§; j " ) &

o J‘ 51&59)

f Audo(ER) dA dr — = f we-u=[ =P

aft)
x [ dudo(ED) dA dt]c:os ) (55)

0
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Again on using (50} in (55) and after considerable simplifications we find that

—a(t )
p? —aX(
Yt -1 1.') 0 [ ¥ ] 19
S22 ae-n+be-n]

y { Stma’()

20
P2/ p* — a*(n)
= S{f}cos B, p < a(t). (56)
Other stress components can be calculated in a similar manner, but since these would not be
of any direct interest at present, we do not record them explicitly here. From equations (54)
and {56) we, however, note that these expressions reduce to those obtained in the classical

elasticity theory{4] when the usual limiting processes are employed.

The stress intensity factors can now be calculated by using (54) and (56). Thus the stress
intensity factor defined by the relation

M= lim /2o~ a(1)) 60,(p, 6, 0, 1)
p—at*{t

6,.(p,0,0,1)= ——[ —;— arc sin (a(t)}'p)} S{tycos 6

dn”cos 8, p > a(t)

is given by

Ny(t) = 72-;, faf{t) S(t)sin 8 — Ii:}} V2(p —s(t)

{ ;;;(:_z) E

we2s Jac-n+te-n| 2

on
y { as(v)S(n}
P2/ p? — a(m)
Also the stress intensity factor defined by
N = lim /2 — a(t)) 0,(p, 0,0, 1)
pra¥

dq} dt] sin 8, p > a(1). (57

turns out to be

Ny(f) = — %{-\/@ S(tycos 8 — Iil}‘l V 2p — a(t)

U2 foc-n+te-n] 2

on
y { a*(m)S(n)
P2/ P — ()
If we now define the work done in the opening of the crack to be the work done by

external loads acting through the displacements on the boundary of the crack, it follows
that

dn}dt]cos 0, p > a(t). (58)

aft)
Wty=2n[  pS(ty{—~u, cos 8 + u, sin 6} dp. (59)
0
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On employing equations (51) and (52} in (59) we obtain
8 2/ 3 L -
(1) =3 S50 (1) | Gi(0) + 5 ¥(0)

+8 f:m p S(t) {f; S(t - -:)RMW% [Gl('c) + g (1)] - d't} dp. (60)

In view of the definitions (9) and (35), if we identify G,(0) and ¥(0) in the limits to be
G{0)=2u and ¥(0) = 2uv/(1 — V),

it follows from (60) that the first term on the right-hand side of this equation is identical
to the one obtained in the classical theory of elasticity[3]. The second term on the right-hand
side of (60}, therefore, represents the excess amount of work required because of the energy
dissipation which takes place in the viscoelastic bodies.

4. FURTHER DISCUSSIONS

In the present section we shall discuss some of the previous results for special kind of
viscoelastic materials. The two prototypes selected are the Maxwell model and the standard
linear viscoelastic solid.

(@) Maxwell model

If we recall equations (9) and (35) we note that (¢} involves both G,(¢) and G,(¢). Hence,
in order to eliminate G,(¢) in terms of G,(f) we assume, following Graham[2], that the
viscoelastic material has similar behavior in shear and dilation. This assumption implies
that the Poisson’s ratio v can now be taken as a constant. Thus from (9} and (35) we have

Yoy __ v G
2 T a-wf 2

b

and hence
v
v = (=) 6. (6
-y
Furthermore, if we define 3(t) = [G,(f) + 3y(1)]™?, it follows that
C20—=9) .,
x) = - G, (62)
For a Maxwell material we assume
Gt = Gy o™, 670 = (1 + theo), )
¢]
and, therefore,
v _ 21—v 1
) = t/ta . — .
y(t) iy Goe ™, x(®) 2= G, (1 +1t/ro) (64)
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On employing (64) in (51) and (52) we obtain

_8(1—v)sin9 2n 21102 8(1 — v)sin @
lp, 0,0, 1) = < e a0) — P SO+ s
x f tRe{az(t -7 —p}2St—-7)dr, p<a@). (63
0
__8(1—\))0058 2 212 _8(1-—-v)cos€
u,(p,0,0,8) = GGy {a*() — p*}'* S 2@ =) Gata

x [ Ri@(t—D— 2 Sa—Ddr,  p<a(t). (66
0

Equations (65) and (66) represent the displacement components in the Maxwell material.

The first expression on the right-hand side of both the equations corresponds to the elastic

solution[4] while the second expression on both the equations represent the viscoelastic effect.
Also, on substituting (64) in (54) we get

2 -
002(p9 0, 0, t) = — _[\/7‘_%_(;_)_(—__)

v
221 —v) t
{7: (2-—\; (liv)f

+ arc sin (a(t)/p)]S(t) sin 6

3
9 Ggi(e — [ a”(mS(n) dy } }
gl e
xsinf, p>a(t),
which on further simplification reduces to
2 a(t) v a*(t) }
z ,9903t=__[_—'"”””_‘+ H + —e
Ty (P ) 7 m arc SIn (a( )I[p,} . V) pz\/pz _ az(t) X
S(t)sin 6, p>a(t). (67)

In a similar manner (56) becomes

—af(t) a’ (1)
0,.(p,8,0,0) = —[ T + arc sin (a/(t)p) — (2 SN

]S(t) cos @,

p>a(t). (68)

The stress intensity factors (57) and (58) can now be handled in the complete form, and these
turn out to be

Ny(t) = =Y \/a(t) S(#)sin 6, (69)
Ny(t) = — & (*2/"( ))S(t) cos 6. (70)

Finally, the expression (60) for the work done in opening the crack reduces to

160 -7 Oa0 + 161 —v) “®

" =36 -6, 32 — 9)Go 7o Yo

pdp J.(:Re\/az(t — 1) —~p? St —1)dr.
(711)
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(b) Standard linear solid

For a standard linear solid we assume the constitutive equations in shear to be of the
form

de 1+f de e
-&-t-+ To o=2u (dt +TO)’ (72)
where 14, 4 and f are all constants. Corresponding to this equation we find
2 1+f
Gy(t) = T+ [1 +fexp{ o t”, (73)
(1 +f ) S
60 = 5L 1 - e (- )| 79
Equations (61) and (62), in the present case, take the form
e
Vo= e |-t
_ (1 =»d+f) f
10 = 2D 1 (L ewp— 11| as)
On employing (75) in (51) and (52) we get
us(p, 0,0, 1) = 4((21 " \/ 2(t) — p% S(t)sin O
+F“ O [* Rfar(t =) = 7 S0t = Dexp(—e) d[sin
n (2 — vute

p<a(t). (76)

u,(p,6,0,8) = — i (1 \/ 2(t) — p* S(*) cos B

[i (S— v;i{ f R{a*(t — ) — p?} S(t — vexp(~1/10) dt]cos@
Q p<a(d). (77)

In the present case also the last expressions on the right hand sides of (76) and (77) show the
effect of viscoelasticity. The expressions for the stress components and the stress intensity
factors remain the same. The expression for WA(¥), however, reduces to

81 -v
32— vu

a(t)

oS00+ = [T [ RAG= 9 - 52
x S(t — v)exp(—1/t5) dr. (78)

w(n) =

5. CONCLUDING REMARKS

We point out the the analysis presented in the paper is valid only under the assumption
that the crack propagates in a self-similar fashion in the same plane. Based on the energetic
arguments and assuming that the crack propagates in the coplanar manner, Smith[9] has
concluded that for linear elastic materials the most favorable growth mode is that for which
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the circular periphery becomes an ellipse, such that there is no growth perpendicular to the
direction of the application of the shear stress. Smith’s analysis, however, shows that for
small values of the Poisson’s ratio, v, the difference between assuming a uniform growth with
the crack retaining a circular periphery and the growth with the crack changing to elliptic
periphery is not considerably significant. On the other hand the work of Erdogan and Sih{10],
for a line crack in a flat plate under pure shear, indicates that the crack does not remain
coplanar but extends in a curved fashion. This point has also been raised by Sih and Liebo-
witz{11]} who, while commenting on the work of Segedin[3], remarked that the assumption
that the shape of circular crack remains circular is not versatile enough. In analysing the
values of the critical stresses to establish the conditions of fracture in an elliptic crack, these
authors, however, also assurhed that elliptic crack propagates in a coplanar manner into
another ellipse having the same foci as that of the original elliptic crack,

In view of the above remarks it follows that the expression for the work done in opening
the crack, which can be related to the fracture criterion in the energetic approach, will get
modified if the effect of curvedness, etc. are also taken into consideration. In fact, as appears
from the work of Sih and Leibowitz{11], indications are that a criterion of fracture, for the
skew-symmetric problems, will have to depend upon certain combinations of the stress
intensity factors N;(t) and N,(¢). Clearly, such information has to come from experimental
observations.
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A6crpakt — B pabore mccemyercs 3aava JTHHEMHOTO BSI3KOYNPYIOro Teja, B KOTOPOM
HaXoNMTCH HCKooGpa3Has TpeluHa, HoABepKeHHasA NeHCTBHIO HANPABICHHOTO CABMI'A K KPAKo
TpewEHbl. OnpenensieTCs BhIPAXKEHUS B 3aMKHYTOM BHIE JUIA NEpeMEIICHHSA BbIIIC [IPBEPXHO-
CTH TPELIEHDL, KOMIIOHEHTHI CIBMTA B IUIOCKOCTH TPCIIMHEL! ¥ (PaKTOPRI HHTCHCHBHOCTH Hanps-
wenul. Jlanee, mpucrocaGnuuaercd pasHbie BHDaXEHHA I8 [BYX YacTHBIX JuHEHHbIH
BA3KOYUPYTHX MaTepHANIOB ¥, KYAa 3TO BO3MOXHO, yKa3biBaeTcs g deKT BA3KOynpyrocru.



